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Formulation




Data assimilation: state estimation

Given a physical system, we wish to integrate

a best-knowledge model with uncertain parameters,
and V experimental observations

to estimate the state /""" over the domain O « R,



Data assimilation: state estimation

Given a physical system, we wish to integrate

a best-knowledge model with uncertain parameters,
Gbk,/l( bk( )) _ 0

/1< PP% uncertain model parameters,
well-posed over O 5 O

and V experimental observations
m =02 (u"™) + €, m=1,..., M
05,0, linear functionals,
LM—[éo,..., ]

to estimate the state /""" over the domain O « R,



Decomposition of the true field

Given the functional space 2/, write t'""" as

utrue . ubk(lutrue) + ntrue’ Mtrue c 7)]01{7 77true c U.
A/\/lbk _ {ubk

H)}u

true true

ptthe =
arg min ||u™® — u"* ()|

Iz
addresses uncertainty in /

true true

ntrue = yiree — yPk(y,
addresses model uncertainty

true) !



Estimate (p'™¢, n™"¢): Partial Spline Model (Wahba, 1990)

Given the functional space 2/, write t'""" as
Y ,

: bk Tue ue T I Tue
utIue . u)k(lutlue) + ntme’ Iutrue c fp)k’ 77‘aue c U.

A
Mbk _ {ubk H)}ﬂ
true

H - ‘ )

arg min ||u™® — u"* ()|

Iz

addresses uncertainty in /

ntrue — utrue o ubk(utrue) '

addresses model uncertainty

PSM: i - 2 + V L bk o
(/1,77)?72Qk><u w M ( m(u” (i) +1n) Y)J

-~

penalty data misfit




Reformulation of the PSM: rank-N approximations

Substitute ©/""(/:) with the rank-/V approximation:

N
: Z &”(M)Cn(x)7 w e ’73bk7 xeOC Qbk.
n=1

' 2
Vv | £ i :
(M-,7/)r27l’r‘1kxu Sl = Vi ( v (Z an(p)Cn + 7}) y

n=1

state estimate: 1 — Z n(pg)Con + Mg




Reformulation of the PSM: rank-N approximations

Substitute ©/"(;:) with the rank-/V approximation:
[
N

up () = an(p)Ga(x), peP, xeQc Q™

n=1
Define ®y = {[an (1), ..., an(p)] : 1€ P} c RV,
Minimize over (cv. 7)) € ©py x RV

N
min ) Ellnll? + Vi <£M (Z nCp +”l> - Y>

n)ed
(a,m)edpy x 1

N
state estimate: 1 — Z % pCn M-
n=1




Relaxation: PSM — PBDW

Introduce the approximation of ®,, &y — RV,
Then, obtain the PBDW statement:

N
min éHUHQ + Vi (EM (Z @nCp +7]> - Y>

(ce)edy =<l n—1



Relaxation: PSM — PBDW

Introduce the approximation of ®,, &y — RV,
Then, obtain the PBDW statement:

N
min  &[|n]* + Vi (ﬁ/w (Z nCp +7]> - Y>

(cen)edyxtd 1

The Partial Spline Model is non-convex, and highly
nonlinear.

If CTDN is convex, the PBDW statement is a convex
relaxation of the PSM.

If ©, is a convex polytope and Vy,(w) = w’ Ow, the
PBDW statement is a QP.



PSM — PBDW: the role of MOR

PBDW relies on a /\-term approximation of /"

N
WO, ) Y (i) Galx) Ve PP, x € Q,

n=1

where ' << M due to stability issues.
MOR provides efficient tools for data compression.



PSM — PBDW: the role of MOR

PBDW relies on a /\-term approximation of /"
N

) 2 Y an(n) Glx) Ve P x e,

n=1

where ' << M due to stability issues.
MOR provides efficient tools for data compression.

Data compression: given the bk manifold
Mbk - {Ubk(ILL)‘Q : Gbk,/x,(ubk(lu)) - O7 = Pbk}

find a background space Zy — span{(, 1" | st.

sup inf [u" () — z|| is small.
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PBDW formulation: contribution and challenges

General formulation:

N
min  &|nl]> + Vi (EM (Z e +77> = y)

(a,I})GCDNXZ/f n—=1

Main features
Two-level mechanism to accomodate parametric and
non-parametric model uncertainty.

Use of I\/IOR to generate a linear surrogate =, —
span{Calply of MY = {u(1)]a = 1" € PP}



PBDW formulation: contribution and challenges

General formulation:

N
min anHz + Vi (EM (Z nGn +77> - Y>

(am)edyxtd —1

Challenges and open questions
Choice of Vi, (U] 1)), ¢
<> model selection (Machine Learning)
Choice of Zy = span{¢,}
Q = Q"% + monolithic MOR
Q c Q"% <5 component-based MOR

Choice of CTDN.
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Agenda of the talk

We consider the formulation
M
1
. 2 ) 2
: — 14 — Ym),
e €I 5 3 (Gl ) =
: & N 1 2
which corresponds to © = R"™, V), = MH -3
Topic of the talk: choice of (/. ] - |]).
Hypothesis: /) (z) = 0. z ¢ Zy < z =0
(Zn. L) - unisolvency

Maday, Taddei, Adaptive PBDW approach to state estimation: noisy

observations; user-defined update spaces, (submitted).
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Choice of (U, || - ||)
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Choice of (U, || - ||): variational update

Choose L — ¢, [ || = 1 llv (¥ = H(Q). Vi )
= 1); belongs to Uy = span{ Ryl "
(Rxly,v)y =1L0(v) YveX
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Choice of (U, || - ||): variational update

Choose U =X, ||| = |- lx (¥ =H"(Q), Vai, - ..)
= 1); belongs to Uy = span{ Ryl M
(Rxly,v)y =1L0(v) YveX

Originally proposed in [Maday et al., 2015]

The approximation properties of //;, depend on || - ||+ and
on {/7,1 4

Construction of //), requires the solution to / Riesz
problems.
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Choice of (U, || - ||): user-defined update

Choose U = Uy = span{y, )M c X, |- || = |- ||lx s.t.
(0 () = 0.0 € Uy <0 =0 ((Uy. L) - unisolvency)
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Choice of (U, || - ||): user-defined update

Choose U = Uy = span{y, )M c X, |- || = |- ||lx s.t.
(0 () = 0.0 € Uy <0 =0 ((Uy. L) - unisolvency)

The unisolvency condition guarantees wellposedness.

. ... .1 are chosen based on approximation
considerations.

Wi, ... 1y might or might not depend on the choice of

13



Practical choices of 11, ..., 1 for local measurements

Given functionals of the form /¢ = /(. x% . r,),
C(v,X, ry) = / w (M> v(x) dx,
Q ly
09, — 0yo for ry — 0F

possible choices are
Lot,() = (] - —x>) where & is a PD RBF, or
no need for solving // offline Riesz problems,
2. W) = Ryl (- x) . Ry,) where Ry, > r,.

simple treatment of strong BCs
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Equivalence between variational and user-defined updates

Define 7)) : X' — Uy st. Ly (I/\/](V)) =Lm (V) VveX

Proposition: let I/, — span{,,},, satisfy unisol-
vency condition. Then, PBDW solution solves:

' 2
: Vi (£ -~
(Ln)@%r)\/x)( Elmll® + Vm (L(z+n) —y)

where \Humz = | Zi(u) |5+ lu—Zw(u)]% is an equiv-
alent norm for ..

Variational approach: choose (/' || - || v) = Uy,

User-defined approach: choose 14y, = (X, [[|-]]).

link with kernel methods for regression
15



Error analysis for perfect measurements

Introduce
the inf-sup constant 7y = inf sup ((Z v)) and
ZE€2N vely, ‘”Z’H vl

7z
the Lebesgue constant || 7|/ () — sup M

vex  |vilx
(=1 for Uy = span{Rx %, } m)
Then,

true * - \/4 + 6HIMH2£(X)
o™ — ug v < C(6) + X
Bn.m
inf sup | TRAN

Z
ZEEN qeyynz il

where C(&) — 0as & — 07,

_Z_qHX7
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Numerical results

@ A synthetic example in Acoustics
@ A synthetic example in Fluid Mechanics
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Numerical results

@ A synthetic example in Acoustics
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An acoustic model problem

Let 1,(/:) be the solution to
—(1+ eid) Aug(p1) — p? ug(p) = p(x? + ) + pg inQ
{ Ontg(p) =0 on0dQ
where ) — (0,1)%, ¢ = 10 .
Bk model: /"(y1) = uy (1), pp e PP = [2.10] gy = 0.

True state: ' = ug(,u““e),
pire € PPk g(x) = 0.5(e + cos(1.37x,)).
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An acoustic model problem

Let 1,(/:) be the solution to
—(1+ eid) Aug(p1) — p? ug(p) = p(x? + ) + pg inQ
{ Ontg(p) =0 on0dQ
where ) — (0,1)%, ¢ = 10 .
Bk model: /"(y1) = uy (1), pp e PP = [2.10] gy = 0.

True state: /""" — 0z (;/""),

pire € PPk g(x) = 0.5(e + cos(1.37x,)).

Observations: y,, — Gauss(u'"™" x2 ) + e

, = 0 — 5 Ix=x13
Gauss(v; X, ry) = C(x) / e % v(x) dx
Q

19



Details (1): PBDW implementation

Centers: {x |, deterministic (SGreedy+approx),

Choice of &: holdout validation
{x?}; drawn randomly (uniform), I = M/2;

Background: |~} generated using the weak-Greedy

algorithm;

Update space: {¢,(-) = oi([ - 7 [o) = 1.2
o1(r) = (1 —r)%(4r + 1), csRBF
o(r) = ﬁ (inverse-multiquadrics)

G Rozza, DBP Huynh, AT Patera, 2008;

H Wendland, 2004.
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Details (I1): measurement noise

Observations: y,, — (2 (") + e, e, — 20 4 ie

GI,TSHdN(Oa) eiﬁlﬂf\(}N(Oa );

) rre ) Y 1m

1 true
Ore = GNR X std ({Re (£2,(u ))}m 1)

x std ({Im (€2,(u™™)) ).

Oim = m=1

1
SNR
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Details (I1): measure of performance

Lruo(

1) — ug ()l 2@
[|utree(p) || 2(q)

9

1 |u
rel
Fave = TppE | >

train /Lepbk

train

PPk [2,10], |PPX. | = 10.

train rain

If SNR < o (noisy measurements), computations of
[0 () — (1) ] 12(q) are averaged over K — 35 trials.
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M— convergence: (SNR = oo, N = 6)

Use of inverse-multiquadrics significantly improves
performance, particularly for small values of r,.

10°

L? error
~
S
N

TR

—e—variational (H')

107} —-csRBF
* inverse-multiquadrics
10° 10’ 102
M
(a) r, =0.01

10°

I? error
~
o
N

—o—variational (H?)
107} —o—csRBF
* inverse-multiquadrics

10° 10° 102 10°
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M— convergence: (SNR < oo, N =4, r, = 0.01)

Use of inverse-multiquadrics significantly improves
performance also for noisy measurements.

10°
1
., 10
S
=
3
N
102
o inverse multiquadrics
103
10° 10’ 102
M

(a) SNR = 100

10°

10°

I? error

002

\

o H

= inverse multiquadrics

10°

10° 102
M

(b) SNR =10
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Numerical results

@ A synthetic example in Fluid Mechanics
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A Fluid Mechanics problem

Let (u.p) = (u (Re). p,(Re)) be the solution to

(((u-V)u—V-ore(u,p) =
V-u=0
ore(u, p)n =0 on Tyt

i,
—0 1,
.

u rhom o

\ u‘rin - ge]-7

Bk model: g(Xg) = 4(1 — X2)X2, Re € [50, 350]

True state: g(o) — 4(1 — 0 )xo(1 + 0.1sin(27x)),

Observations: y,, — C(x,‘;)/ e a7 Xl u'™e(x) dx .
Q

N 7

~~

=09, (utrue)=Gauss(ut®;x2, ry, ) -



Details (1): PBDW implementation

Centers: {x |, deterministic (SGreedy+approx),
Choice of &: ¢ — 07
Background: | =}, generated using POD

Update space:
{1/)2mfi(') - RXGauSS(' ’ eivxr?qa R\v)}mzl,...,M,izl,L

X={ve[H(Q))P: V-v=0,v|r,.. =0}
[ Ml =11V - l2)-
.. ... 1o are divergence-free and satisfy homogeneous

conditions on [y, = JQ N\ (I, U T 0.

26



M— convergence: (SNR = oo, N =5, r, = 0.01)

Increasing K, leads to an improvement in accuracy.

107

o Ry =0.01
—— Ry =0.03
—— Ry =0.07

10°

H' error
N
o
n

o Ry =0.01
—— R, =0.03
—— Ry = 0.07
108
10° 102 10°
M
(b) #*
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Conclusions
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Conclusions

PBDW is a MOR approach for the efficient integration of
parametrized mathematical models, and
experimental observations

for state estimation.
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Conclusions

PBDW is a MOR approach for the efficient integration of
parametrized mathematical models, and
experimental observations

for state estimation.

MOR allows the efficient treatment of parametrized
mathematical models.

User-defined updates provide the PBDW formulation
with additional flexibility.
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Thank you for your
attention!



Backup slides
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Connection with Kernel methods

Scattered data approximation with RBFs!
1. Choose the PD RBF & : R — [,

2. Characterize the properties of X" — s for analysis.

Similarity: infinite-dimensional formulation used only for
analysis.

Key difference: ' — )V, and its inner product do not
depend on x{', ... x],.

'PBDW and RBF scattered data approximation are equivalent for

Zn= 0,405, = 55 1M,
32
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