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Context

x 7→ f (x1, . . . , xd) ∈ V

Computational issues:

• expensive-to-evaluate map

• high inputs space dimension d � 1

Building a surrogate for f requires to exploit some underlying structure of f

• small Kolmogorov n-width

• low-rank structure

• sparse structure

• low-effective dimension

• ...

f ≈ h ◦ A where

 Rd f−−−−−−−−−−−→ V

Rd A−−−−→ Rr h−−−→ V
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Low-effective dimension via linear maps A

Ridge functions = functions which are constant along a subspace

x 7→ h(Ax) where

{
A ∈ Rr×d

h : Rr → V

or equivalently

x 7→ g(Prx) where

{
Pr ∈ Rd×d rank-r projector

g : Rd → V

The function f has a low-effective dimension if it is *close* to a ridge

function g ◦ Pr with r = rank(Pr )� d .

Rd = Im(Pr )︸ ︷︷ ︸
“f varies ”

⊕ Ker(Pr )︸ ︷︷ ︸
“f is (almost) constant”
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Today’s task

Consider the L2
µ(Rd ;V ) norm ‖ · ‖ defined by

‖v‖2 =

∫
‖v(x)‖2

V µ(dx), where

{
µ = N (m,Σ)

‖ · ‖V = (·, ·)1/2
V

Controlled approximation problem

Given ε ≥ 0, find g and a projector Pr such that

‖f − g ◦ Pr‖ ≤ ε (1)

with r = rank(Pr ) much smaller than d .

Note that (1) is equivalent to

E
(
‖f (X )− g(PrX )‖2

V

)
≤ ε2

where X ∼ µ.
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This talk in a nutshell

Methodology

1. derive an upper bound for the error

‖f − g ◦ Pr‖ ≤ R(g ,Pr )

2. fix r and solve

min
g,Pr

R(g ,Pr )

3. increase r until

min
g,Pr

R(g ,Pr ) ≤ ε

Road map:

1. Lipschitz-based upper bound

2. Poincaré-based upper bound

3. Examples

4. Conclusion
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Lipschitz-based upper bound



Lipschitz-based upper bound

Find a projector Pr so that the ridge function

f̃ : x 7→ f (Prx + (Id − Pr )m)

is good approximation of f .

Proposition

Assume f is L-Lipschitz, meaning

‖f (x)− f (y)‖V ≤ L‖x − y‖2 ∀x , y ∈ Rd .

Then for any projector Pr we have

‖f − f̃ ‖ ≤ L
√

trace
(
(Id − Pr )Σ(Id − Pr )T

)
Proof. By letting X ∼ N (m,Σ), can write

‖f − f̃ ‖2 = E
(
‖f (X )− f̃ (X )‖2

V

)
= E

(
‖f (X )− f (PrX + (Id − Pr )m)‖2

V

)

≤ E
(
L2 ‖X − (PrX + (Id − Pr )m)‖2

2

)
= L2 E

(
‖(X −m)− Pr (X −m)‖2

2

)
= L2 trace

(
(Id − Pr )Σ(Id − Pr )

T )
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Minimizing the bound

min
Pr

L
√

trace
(
(Id − Pr )Σ(Id − Pr )T

)
= L

√√√√ d∑
i=r+1

σ2
i

• σ2
1 ≥ . . . ≥ σ2

d are the eigenvalues of Σ.

• The solution is the orthogonal projector on the leading eigenspace of Σ

⇒ cf. truncated Karhunen-Loève decomposition of X

• A fast decay in σ2
i ensures L

√∑d
i=r+1 σ

2
i ≤ ε for r = r(ε)� d .

But

• the construction of Pr is independent of f ...

• in practice L is not available: no certification of the error...
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Poincaré-based upper bound



Optimal function g

A well known property of the conditional expectation

For any given (fixed) Pr , we have

‖f − Eµ(f |σ(Pr ))︸ ︷︷ ︸
=g∗◦Pr

‖ = min
g
‖f − g ◦ Pr‖

The conditional expectation Eµ(f |σ(Pr )) : Rd → V can be expressed as follow:

• Statistical viewpoint: by letting X ∼ µ, we can write

Eµ(f |σ(Pr )) : x 7→ E(f (X )|PrX = Prx)

• A simple expression: recall µ = N (m,Σ). If Pr is Σ−1-orthogonal then

Eµ(f |σ(Pr )) : x 7→
∫

f (Prx + (Id − Pr )y) µ(dy)
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Poincaré-type inequalities

• The normal distribution µ = N (m,Σ) satisfies the Poincaré inequality∫ (
h − Eµ(h)

)2
dµ ≤

∫
‖∇h‖2

Σ dµ,

for any smooth function h : Rd → R, where ‖x‖2
Σ = xTΣx .

• It also satisfies the “subspace” Poincaré inequality∫ (
h − Eµ(h|σ(Pr ))

)2
dµ ≤

∫
‖(Id − PT

r )∇h‖2
Σ dµ

for any smooth function h : Rd → R and for any projector Pr .

Proposition

Given a smooth vector-valued function f : Rd → V we have

‖f − Eµ(f |σ(Pr ))‖ ≤
√

trace
(
H(Id − Pr )Σ(Id − Pr )T

)
for any projector Pr . The matrix H ∈ Rd×d is defined by

H =

∫
(∇f )∗(∇f )dµ where

{
∇f (x) : Rd → V Jacobian of f at x

∇f (x)∗ is the adjoint of ∇f (x)
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What is the matrix H ?

H =

∫
(∇f )∗(∇f )dµ ∈ Rd×d

• Algebraic case: V = Rm with ‖ · ‖V such that ‖v‖2
V = vTRV v for some

SPD matrix RV ∈ Rm×m. Then

H =

∫
(∇f )TRV (∇f ) dµ, where ∇f =


∂f1
∂x1

. . . ∂f1
∂xd

...
. . .

...
∂fm
∂x1

. . . ∂fm
∂xd


• Scalar-valued case: V = R with ‖ · ‖V = | · |, then

H =

∫
(∇f )(∇f )T dµ, where ∇f =


∂f
∂x1

...
∂f
∂xd


 Active-Subspace method.
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Minimizing the upper bound

min
Pr

√
trace

(
H(Id − P r )Σ(Id − P r )T

)
=

√√√√ d∑
i=r+1

λi

• Let (vi , λi ) be the i-th generalized eigenpair of (H,Σ−1):

Hvi = λiΣ
−1vi

• The solution is a Σ−1-orthogonal projector onto span{v1, . . . , vr}.

• A fast decay in λi ensures
√∑d

i=r+1 λi ≤ ε for r = r(ε)� d .

• H provides a test that reveals the low-effective dimension.

“ Poincaré-based bound ≤ Lipschitz-based bound ”√√√√ d∑
i=r+1

λi ≤ L

√√√√ d∑
i=r+1

σ2
i
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Examples



An analytical example

• Let µ = N (0, Id) be the standard Gaussian distribution and consider the

scalar-valued function

f : x 7→
d∑

i=1

ai sin(ωixi )

• Restrict Pr to be an orthogonal projector onto the canonical coordinates

Pr =
∑
i∈Λr

eie
T
i , where

{
Λr ⊂ {1, . . . , d}
#Λr = r

• We can analytically compute the true error and its Poincaré-based bound:

‖f − Eµ(f |σ(Pr ))‖ =

√√√√1

2

∑
i∈Λc

r

a2
i (1− exp(−2ω2

i ))

√
trace

(
H(Id − Pr )Σ(Id − Pr )T

)
=

√√√√1

2

∑
i∈Λc

r

a2
i ω

2
i (1 + exp(−2ω2

i ))
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An analytical example

√√√√1

2

∑
i∈Λc

r

a2
i (1− exp(−2ω2

i ))

︸ ︷︷ ︸{
error

}
≤

√√√√1

2

∑
i∈Λc

r

a2
i ω

2
i (1 + exp(−2ω2

i ))

︸ ︷︷ ︸{
bound

}
• If ωi = ω for all 1 ≤ i ≤ d , we have

arg min
Pr

{
error

}
= arg min

Pr

{
bound

}

but when ω →∞,√∑
i∈Λc

r

a2
i ←−

ω→∞
min
Pr

{
error

} ≤ min
Pr

{
bound

}
−→
ω→∞

∞

• If ωi = a−2
i ≥ 1:

arg max
Pr

{
error

}
= arg min

Pr

{
bound

}
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A numerical example

• Diffusion problem on Ω = [0, 1]2:

{
∇ · κ∇u = 0 in Ω

u = x + y on ∂Ω

• Random diffusion field κ, log-normal distribution.

• After finite element discretization:

x = log(κ) ∈ R3252 and µ = N (0,Σ)

(a) mesh, 3252 elements (b) log. diffusion field (c) solution

Three scenarios

1. f : x 7→ u ∈ V ⊂ H1(Ω)

2. f : x 7→ u|Ωs ∈ V ⊂ H1(Ωs)

3. f : x 7→ (u|s1
, u|s2

) ∈ V = R2 (canonical norm)
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Modes v1, v2, . . .

mode 1 mode 2 mode 3 mode 4 mode 5 mode 6
K
-L

m
o
d
es

S
ce
n
a
ri
o
1

S
ce
n
ar
io

2
S
ce
n
ar
io

3

Im(Pr ) = span{v1, v2, . . . , vr}
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Approximation of the conditional expectation assuming H is known

Eµ(f |σ(Pr )) ≈ F̂r : x 7→ 1

M

M∑
k=1

f (Prx + (Id − Pr )Yi ), Yi
iid∼ µ

f : x 7→ u
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We can show that

E
(
‖f − F̂r‖2

)
≤ (1 + M−1) trace(Σ(Id − PT

r )H(Id − Pr ))
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Approximation of H to get the projector

H ≈ Ĥ =
1

K

K∑
k=1

(∇f (Xi ))∗(∇f (Xi )), Xi
iid∼ µ

f : x 7→ u
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r )H(Id − P̂r )) = function(r) (solid curves)

Notice that rank(Ĥ) ≤ K rank
(
∇f (X )

)
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r )Ĥ(Id − P̂r )) = function(r) (dashed curves)√
trace(Σ(Id − P̂T

r )H(Id − P̂r )) = function(r) (solid curves)

Notice that rank(Ĥ) ≤ K rank
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Conclusion



Summary

• Methodology: minimize an upper bound derived from Poincaré

inequalities

• Provides a certified error indicator.

• Performs generally better than the truncated Karhunen-Loève.

• Fundamentally gradient-based...

For more information:

O. Zahm, P. Constantine, C. Prieur and Y. Marzouk

Gradient-based dimension reduction of multivariate vector-valued functions.
(2018) preprint: hal-01701425.
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Thank you !
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