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X f(xi,...,xq) €V
Computational issues:

e expensive-to-evaluate map

e high inputs space dimension d > 1

Building a surrogate for f requires to exploit some underlying structure of f

small Kolmogorov n-width

low-rank structure

® sparse structure

o low-effective dimension

RO —— L v
h

f~hoA where A
R LSR5V



Low-effective dimension via maps A

Ridge functions = functions which are constant along a subspace

Ac Rer

x — h(Ax) where
h:R =V

or equivalently

P, € R¥*? rank-r projector

x — g(Prx) where { 2RI sV




Low-effective dimension via maps A

Ridge functions = functions which are constant along a subspace

A Rer
x — h(Ax) where <

h:R =V
or equivalently

P, € R¥*? rank-r projector
g: RV

x +— g(Prx) where {

The function f has a low-effective dimension if it is *close* to a ridge
function g o P, with r = rank(P,) < d.

R = Im(P,) &  Ker(P,)
—— N——

“f varies " “f is (almost) constant”




Today’s task

Consider the L2 (R? V) norm || - || defined by

2 _ vOI2 X wher p=N(m,x)
I = [ vl o) hee{ TR

Controlled approximation problem

Given ¢ > 0, find g and a projector P, such that
[f —goPrf <e (1)

with r = rank(P,) much smaller than d.

Note that (1) is equivalent to

E(|If(X) — g(P-X)I[V) <&

where X ~ p.



This talk in a nutshell

Methodology

1. derive an upper bound for the error
If —go Pl <R(g, Pr)

2. fix r and solve

min R(g, Pr)
&,Pr

3. increase r until
min R(g,P;) <e¢

g,Pr

Road map:

[y

. Lipschitz-based upper bound
2. Poincaré-based upper bound
3. Examples

4. Conclusion



Lipschitz-based upper bound



Lipschitz-based upper bound

Find a projector P, so that the ridge function
fixe f(Prx + (la — Pr)m)

is good approximation of f.



Lipschitz-based upper bound

Find a projector P, so that the ridge function
fixe f(Px+ (la — P)m)
is good approximation of f.
Proposition
Assume f is L-Lipschitz, meaning

1FG) = fFWllv < Llix =yl Vx,y € R™.

Then for any projector P, we have

IF—fll <L \/trace((/d — P)X(la — P)T)




Lipschitz-based upper bound

Find a projector P, so that the ridge function
fixe f(Px+ (la — P)m)
is good approximation of f.
Proposition
Assume f is L-Lipschitz, meaning

1FG) = fFWllv < Llix =yl Vx,y € R™.

Then for any projector P, we have

IF—fll <L \/trace((/d — P)X(la — P)T)

Proof. By letting X ~ N(m,X), can write
If = I = E(IF(X) = F(X)I1V)
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Lipschitz-based upper bound

Find a projector P, so that the ridge function
fixe f(Px+ (la — P)m)
is good approximation of f.
Proposition
Assume f is L-Lipschitz, meaning

1FG) = fFWllv < Llix =yl Vx,y € R™.

Then for any projector P, we have

IF—fll <L \/trace((/d — P)X(la — P)T)

Proof. By letting X ~ N(m,X), can write
If = FII* = E(IF(X) = F)I1Y)
=E(||[f(X) = f(P.X + (ls — P)m)I[V)
SE(L X = (PX + (ly — Pr)m)|2)
= LPE(|[(X = m) — P,(X — m)|j3)
= L*trace((ly — P)Z(ly — P,)")



Minimizing the bound

n'):irn L \/traCE((/d - P)X(ls — Pr)T) =L

e 07 > ... > o7 are the eigenvalues of X.

e The solution is the orthogonal projector on the leading eigenspace of
= cf. truncated Karhunen-Loéve decomposition of X

e A fast decay in o7 ensures L\/Z;;+1 o? <eforr=r(e) < d.
But

e the construction of P, is independent of f...

e in practice L is not available: no certification of the error...



Poincaré-based upper bound



Optimal function

A well known property of the conditional expectation

For any given (fixed) P,, we have

[f = Eu(flo(Pr)) [ = min [[f — g o Pl
——— g

=g*oP;,
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The conditional expectation E,, (f|o(P,)) : R — V can be expressed as follow:
e Statistical viewpoint: by letting X ~ u, we can write

E.(flo(Pr)) : x = E(f(X)|P.X = P;x)



Optimal function

A well known property of the conditional expectation

For any given (fixed) P,, we have

[f = Eu(flo(Pr)) [ = min [[f — g o Pl
——— g

=g*oP;,

The conditional expectation E,, (f|o(P,)) : R — V can be expressed as follow:
e Statistical viewpoint: by letting X ~ u, we can write

E.(flo(Pr)) : x = E(f(X)|P.X = P;x)

e A simple expression: recall = N(m,X). If P, is ¥~ *-orthogonal then

E,(Flo(P,)) : x /f(P,x +(ly = P)y) pl(dy)



Poincaré-type inequalities

e The normal distribution ;n = N'(m, ¥) satisfies the Poincaré inequality

[ h-a)an< [ 1onizan

for any smooth function h: R? — R, where ||x||3 = x" Zx.
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Poincaré-type inequalities

e The normal distribution ;n = N'(m, ¥) satisfies the Poincaré inequality

[ h-a)an< [ 1onizan

for any smooth function h: R? — R, where ||x||3 = x" Zx.

e It also satisfies the “subspace” Poincaré inequality
2
[ (h=Eublo(P)) a0 < [ 1~ P)VhIE 0
for any smooth function h: RY — R and for any projector P,.

Proposition

Given a smooth vector-valued function f : RY — V we have

If —=Eu(flo(P)] < \/trace(H(ld —P)EZ(la — P)T)

for any projector P,. The matrix H € R¥*? is defined by

H= /(Vf)*(Vf)du

Vf(x) : RY — V Jacobian of f at x
where . .
Vf(x)* is the adjoint of Vf(x)

10



What is the matrix | ?

H= /(Vf)*(Vf)du e R
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What is the matrix | ?

H= /(Vf)*(Vf)du e R

e Algebraic case: V = R™ with || - ||y such that ||v||} = v" Ryv for some

SPD matrix Ry € R™*™. Then

H= /(Vf)TRV (VF)du,

of
Ixq

where Vf =
Ay
Ix1

of
Oxyg

O

Oxy
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What is the matrix | ?

H= /(Vf)*(Vf)du e R

e Algebraic case: V = R™ with || - ||y such that ||v||} = v" Ryv for some
SPD matrix Ry € R™*™. Then

oh oh
Ox1 o Oxy
H = /(Vf)TRv (Vf)dp, where V=] : o
Ofm Oy
e o
e Scalar-valued case: V =R with || - ||v = ||, then
af
Ox1
H= /(Vf)(v'c)Td,u7 where Vf =
of
Oxy

~ Active-Subspace method.
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Minimizing the upper bound

min Virace(H(ly — P)E(ls — P,)T) =

e Let (v;,)\;) be the i-th generalized eigenpair of (H,X):
Hv; = \X v

e The solution is a X ~'-orthogonal projector onto span{vi,..., v, }.

A fast decay in \; ensures \/27:”1 Ai <eforr=r(e) < d.

e H provides a test that reveals the low-effective dimension.
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Minimizing the upper bound

min Vtrace(H(ly — P)E(ls — P,)T) =

e Let (v;,)\;) be the i-th generalized eigenpair of (H,X):
Hv; = \X v

e The solution is a X ~'-orthogonal projector onto span{vi,..., v, }.

A fast decay in \; ensures \/27:”1 Ai <eforr=r(e) < d.

e H provides a test that reveals the low-effective dimension.

“ Poincaré-based bound < Lipschitz-based bound ”
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Examples




An analytical example

e Let u = N(0, ly) be the standard Gaussian distribution and consider the
scalar-valued function

d
fix— Z a; sin(wix;)

i=1

e Restrict P, to be an orthogonal projector onto the canonical coordinates

A, 1,...,d
P, = § e;eiT, where{ <t }
ien, #A =r
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An analytical example

e Let u = N(0, ly) be the standard Gaussian distribution and consider the
scalar-valued function

d
fix— Z a; sin(wix;)

i=1

e Restrict P, to be an orthogonal projector onto the canonical coordinates

A, 1,...,d
P, = § e;eiT, where{ <t }
ien, #A =r

e We can analytically compute the true error and its Poincaré-based bound:

If ~Eu(flo(P) = | 2 3 231 — exp(~242))

iene

\/trace(H(ld — P)E(la — P)T) = % Z a7w?(1 + exp(—2w?))

ienc

14



An analytical example

%Za?(l—exp(—&u?)) < Za (1 + exp(—2w?))

iens :eAc

{error} {bound}

o If wij=wforall 1 <i<d, we have

arg r’r;in {error} = arg n}]jin {bound}
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An analytical example

%Za?(l—exp(—&u?)) < Za (1 + exp(—2w?))

iens :eAc

{error} {bound}

o If wij=wforall 1 <i<d, we have

arg r’r;in {error} = arg n}]jin {bound}

but when w — oo,

E a min {error} < min {bound — 00
A *")90 Pr - P, w—00
i€

15



An analytical example

IR -en-27) S |53 SR+ ep(-262))

iene ien;

{error} {bound}

o If wij=wforall 1 <i<d, we have

arg r’r)ain {error} = arg n}]jin {bound}

but when w — oo,
E a2 +— min {error} < min {bound — 00
he w—00 Py - Py w—00
1eNg

° Ifw,-:ai_Qzl:
arg max {error} = arg rTILin {bound}

15



A numerical example
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A numerical example

V-kVu =0 in Q
u =x+y ondQ

e Random diffusion field x, log-normal distribution.

e Diffusion problem on Q = [0, 1]*: {

16



A numerical example

V-kVu =0 in Q
u =x+y ondQ
e Random diffusion field x, log-normal distribution.

e Diffusion problem on Q = [0, 1]*: {

o After finite element discretization:

x = log(k) € R**** and p=N(0,%)

(a) mesh, 3252 elements  (b) log. diffusion field

O

(c) solution

xS1

£,

XSZ
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A numerical example

V-kVu =0 in Q
u =x+y ondQ
e Random diffusion field x, log-normal distribution.

e Diffusion problem on Q = [0, 1]*: {

o After finite element discretization:

x = log(k) € R**** and p=N(0,%)

(a) mesh, 3252 elements  (b) log. diffusion field

O

(c) solution

%81
9
XSZ
Three scenarios
1. fix—u €V CH(Q)
2. fix— ug, €V c HY(Q)

3. f x> (g, us) €V =R? (canonical norm)

16
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Im(P;) = span{vi, v, ...
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Approximation of the conditional expectation

M
~ 1 iid
E.(flo(Pr)) ~ Fr:x— i E f(Px+(la—P)Yi), Yi~p
k=1
. f:X|_>u f:XHU‘QS f:XH(U‘517U|52)
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|f — F,|| = function(r)
We can show that

]E(Hf — ﬁrHZ) <(1+ M_l) trace(X(ly — PrT)H([d - P))
18



Approximation of the conditional expectation

M
~ 1 iid
E.(flo(P))) ~ F,:x— i E f(Px+(la—P)Yi), Yi~p
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We can show that
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Approximation of H to get the projector

~ 1 K . ji
H~ A= ?;(Vf(xf)) (VFX)), X2

f:x—u fix =y, fix (us,ups)
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Notice that rank(H) < K rank(V£(X))
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Approximation of H to get the projector

~ 1 K . ji
H~ A= ?;(Vf(xi)) (VFX)), X2
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Notice that rank(H) < K rank(V£(X)) 1o



Conclusion




Summary

e Methodology: minimize an upper bound derived from Poincaré
inequalities

e Provides a certified error indicator.
e Performs generally better than the truncated Karhunen-Loéve.

e Fundamentally gradient-based...

For more information:

@ O. Zahm, P. Constantine, C. Prieur and Y. Marzouk

Gradient-based dimension reduction of multivariate vector-valued functions.
(2018) preprint: hal-01701425.
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Thank you !
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